We study the existence of mild solutions for a class of abstract functional differential equations involving almost sectorial operators. A concrete application to delayed partial differential equations is presented.
Introduction
In this paper, we study the existence of "mild" solutions for a class of abstract functional differential equations of the form
(1.1)
where A : D(A) ⊂ X → X is an almost sectorial operator, (X, · ) is a Banach space, B is the phase, Ω ⊂ B is open and f : [0, a] × Ω → X is a suitable function. There exists an extensive literature treating on the existence and qualitative properties of solutions for abstract systems as (1.1)-(1.2) for the case in which A is the infinitesimal generator of a C 0 -semigroup of bounded linear operators, see [3, 4, 5, 6, 11, 12, 14, 15] and the references therein. This type of operators appears frequently in applications since many elliptic differential operators are generators of C 0 -semigroup when they are considered in L p -spaces, see [7] . However, if we look at spaces of more regular functions such as the spaces of Hölder continuous functions, we see that these elliptic operators are not generator of C 0 -semigroups, see [7, Example 3.1 .33] and [9] . Nevertheless, in many cases, estimates such as
with α ∈ (0, 1), ω ∈ R and ϑ ∈ (π/2, π) are available (see [9] ), which allows to define an "associated analytic semigroup" by means of the Dunford integral
where Γ θ = {te iθ : t ∈ R \ {0}}, θ ∈ (ϑ , π/2). In the literature, a linear operator A : D(A) ⊂ X → X which satisfy the condition (1.3) is called almost sectorial and the operator family {T (t), T (0) = I : t 0} is said the "semigroup of growth α " generated by A. The operator family (T (t)) t 0 has properties similar at those of analytic semigroup which allow to study some classes of partial differential equations via the useful methods of semigroup theory. Concerning almost sectorial operators, semigroups of growth α and applications to partial differential equations we refer the reader to [1, 2, 9, 10, 8, 13] and the references therein.
To the best of our knowledge, the study of the existence of solutions of abstract system as (1.1)-(1.2) for which the operator A is almost sectorial is an untreated topic in the literature. This fact is the main motivation of this paper.
Next, we introduce some notations and technicalities. Let (Z, · Z ) be a Banach space. In this paper, L (Z,W ) represents the space of bounded linear operators from Z into W endowed with norm of operators denoted · L (Z,W ) , and we write L (Z) and · L (Z) when Z = W . In addition, B l (z, Z) denotes the closed ball with center at z ∈ Z and radius l > 0 in Z . As usual, C( [c, d] 
Throughout this paper, (X, · ) is a Banach space, A : D(A) ⊂ X → X is an almost sectorial operator and (T (t)) t 0 is the semigroup of growth α generated by A. For simplicity, next we assume ω = 0 . The next lemma consider some properties of the operator family (T (t)) t 0 . LEMMA 1.1. [2, 9] Under the above conditions, the followings properties are satisfied.
(a) The operator A is closed, T (t + s) = T (t)T (s) and AT (t)x = T (t)Ax for all t, s ∈ [0, ∞) and each x ∈ D(A).
, X) and there exits D n > 0 and a constant γ > 0 , which is independent of n , such that A n T (t) L (X) D n e γt t −(n+α) for all t > 0 .
We include now some remarks on the abstract Cauchy problem
where ξ ∈ L p ([0, a], X) and p > 1 1−α . From [2, 10] , we adopt the following concept of solution.
(1.7)
This paper has three sections. By considering the behavior near of zero of the function t → T (t)ϕ(0), in the Section 2 we discuss the existence of "mild" solutions for (1.1)-(1.2) for the case in which B = C([−r, 0], X) and B = L p ([−r, 0], X). In the last section, a concrete application to partial differential equations with delay is considered.
Existence of mild solutions
In this section we study the existence of mild solutions for the system (1.1)-(1.2). By considering Definition 1.1, we introduce the following concept of solution.
REMARK 2.1. In the remainder of this paper, ϕ : [−r, 0] → X is a given function and y : [−r, a] → X is the function defined by y(θ ) = ϕ(θ ) for θ 0 and y(t) = T (t)ϕ(0) for t > 0. In addition, C n , n ∈ N, are positive constants such that
and for a bounded set B ⊂ X , we use the notation Diam X (B) for
To prove our results, we introduce the following conditions. In the next assump-
Our development depends on the behavior of the function y(·) at zero. For this reason, next we consider separately the cases in which B = C([−r, 0], X) and B = L p ([−r, 0], X). In this section we study the existence of mild solutions for (1.1)-(1.2) assuming that B = C([−r, 0], X). Next, to simplify we write · B in place of · C([−r,0],X) . Now, we can establish our first existence result.
On the space
by (Γu) 0 = 0 and
Next, we will prove that Γ is completely continuous from
To begin, we note that for (s, u)
which implies that u s + y s ∈ B b 1 (ϕ, B) and W f ( u s + y s B ) C . Now, from the properties of (T (t)) t 0 and f , the Bochner's criterion for integrable functions and the inequality
we infer that the function s → T (t −s) f (s, u s +y s ) is integrable on [0,t] for all t ∈ [0, b], which implies that Γu ∈ C([−r, b], X) and Γ is well defined.
On the another hand, from the estimate S(b) ). Moreover, a standard application of the Lebesgue dominated convergence Theorem proves that Γ is continuous. In the next steps, we prove that Γ is a compact map.
Step
Since T (ε) is compact, from the above we obtain that
where K ε compact and Diam X (C ε ) → 0 as ε → 0 . This proves that ΓB b 1
is relatively compact in X .
Step 2. The set ΓB b 1 S(b) ) is right equicontinuous at t ∈ (0, b). Arguing as above, we can show that ΓB b 1 2 (0, S(b)) is left equicontinuous at t ∈ (0, b] and equicontinuous at t 0 . We omit additional details. Thus, Then there exists a unique mild solution of (1.1)- ϕ, B) .
By using that the function t → y t belongs to C ([0, a] , B) (here is used that T (·)ϕ(0) ∈ C([0, a], X)) we can select 0
], X) be the operator introduced in the proof of Theorem 2.1. Proceeding as in the proof of Theorem 2.1, it is easy to see that Γ is well defined. Next, we prove that Γ is a contraction on B b 1 2 (0, S(b)). At first, we note that for
from which we have that f (s, u s + y s ) C.
Using this fact, for u ∈ B b 1 2 (0, S(b)) we find that S(b) ) since u is arbitrary. Moreover, from (2.4) and the estimate
it follows that Γ is a contraction on B b 1 2 (0, S(b)) and there exists a unique fixed point The results in the Section 2.1 are proved assuming that T (·)ϕ(0) ∈ C([0, a], X), which implies that t → y t belongs to C([0, a],C([−r, 0], X)). To treat the general case in which ϕ(0) ∈ X is arbitrary, we use as phase space the space B = L p ([−r, 0], X) with p ∈ [1, 1 α ). The following Lemma establishes a well known property of integrable functions. In the remainder of this section, B = L p ([−r, 0], X) for some p ∈ [1, 1 α ) and · B denotes the norm in L p ([−r, 0], X).
The proof of Theorem 2.3 below, follows with minor modifications from the proof of Theorem 2.1. We include a briefly sketch of the proof for completeness. Under the above conditions, for u ∈ B b 1 2 (0, S(b)) and s ∈ (0, b], we see that
which implies that
Now, from the Bochner's criterion for integrable and the estimate
This shows that Γu ∈ C([−r, b], X) and Γ is well defined. The remainder of the proof can be completed proceeding as in the proof of Theorem 2.1. We omit additional details.
Arguing as in the proof of Theorem 2.2, we can prove the following result. 
Application
In this section we consider an application of our abstract results. At first, we include some technicalities. Next, U ⊂ R n is a open bounded set with smooth boundary ∂ U , η ∈ (0, 1) and X = C η (U, R n ). We note that C η (U, R n ) is the space formed by all the η -Hlder continuous functions from U into R n endowed with the norm
where · C(U,R n ) is the sup-norm on U ,
and | · | is the Euclidean norm in R n . On the space X , we consider the operator A : D(A) ⊂ X → X given by Au = Δu with domain
From [9] , we know that A is an almost sectorial operator which verifies (1.3) with α = η 2 and A is not sectorial. In the remainder of this section, (T (t)) t 0 represents the analytic semigroup of growth α generated by A.
Consider the delayed partial differential equation 
